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Abstract 

In a Majorana basis, the Dirac equation for a free spin one-half particle is a 4x4 
real matrix differential equation. The solution can be a Majorana spinor, a 4x1 real 
column matrix, whose entries are real functions of the space-time. 

Can a Majorana spinor, whose entries are real functions of the space-time, 
describe the energy, linear and angular momentums of a free spin one-half particle? 
We show that it can. 

We show that the Majorana spinor is an irreducible representation of the double 
cover of the proper orthochronous Lorentz group and of the full Lorentz group. The 
Fourier-Major ana and Hankel-Majorana transforms are defined and related to the 
linear and angular momentums of a free spin one-half particle. 
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1 Introduction 



In 1928 Paul Dirac published "The Quantum Theory of the Electron" pLj, in which he 
introduced a relativistic equation for the electron in interaction with an electromagnetic 
potential, consisting of a complex 4x4 matrix differential equation whose solution is a 
complex 4x1 column matrix, called Dirac spinor, whose entries are complex functions of 
the space-time. Using the algebra of the 4x4 matrices, he related the electron's spin with 
the Lorentz group. He also noticed the existence of negative-energy solutions which he 
used later in the prediction of the existence of the anti-electron, the positron. 

In 1937 Ettore Majorana published "A symmetric theory of electrons and positrons" 
[2], in which he noted that "it is perfectly, and most naturally, possible to formulate a 
theory of elementary neutral particles which do not have negative (energy) states". His 
work was based on the fact that there is a basis where the Dirac equation for the free 
electron is a real, instead of complex, 4x4 matrix differential equation whose solution can 
be a real 4x1 column matrix, called Majorana spinor, whose entries are real functions of 
the space-time. The existence of both positive and negative energy solutions is a conse- 
quence of the extension, through the use of complex numbers, of the free Dirac equation 
to include the electromagnetic interaction. For neutral particles, the free Dirac equation 
do not have to be extended in the same way it is when including the electromagnetic in- 
teraction and, therefore, it is possible to have a theory without negative energy solutions. 
Ettore Majorana disappeared in 1938. 

There are applications of the Majorana' s discovery in theories trying to explain phe- 
nomena in neutrino physics, dark matter searches, the fractional quantum Hall effect 
and superconductivity |3jj . There are good references on spinors ^-i6j and on its relation 
with the Lorentz group [7j. It is known (section 5 of [5]) that the Majorana spinor is 
an irreducible representation of the double cover of the proper orthochronous Lorentz 
group. However, we could not find a study (without second quantization operators) of 
the Majorana spinor solutions of the free Dirac equation. 

In the context of Clifford Algebras, the generalization of the Dirac matrices algebra to 
other dimensions and metrics, there is work on the geometric square roots of -1 P,[TD] and 
on the generalizations of the Fourier transform [TT] , with applications to image processing. 

Our goal is to show that (without second quantization operators) all the kinematic 
properties of a free spin 1/2 particle are present in the real solutions of the real free Dirac 
equation. In chapter 2 we define the Majorana matrices and spinors. In chapter 3 we 
show that the Majorana spinor is an irreducible representation of the double cover of the 
proper orthochronous Lorentz group and of the full Lorentz group. In chapter 4 we show 
the invariance of the free Dirac equation under the action of the Lorentz group. In 5 and 
6 we define the Fourier- Majorana and Hankel-Majorana transforms of a Majorana spinor 
whose entries are Lebesgue square integrable real functions of the space coordinates. In 
7, by comparison with the particle/anti-particle solutions of the free Dirac equation, we 
show that the Majorana transforms are related with the linear and angular momentums 
of a free spin 1/2 particle. In 8, we extend the Majorana transforms to include the energy. 



2 



2 Majorana Matrices and Spinors 

The Majorana matrices, i'f'^ with jj, = 0,1, 2, 3, are the Dirac Gamma matrices, 7^*, 
times the imaginary unit. The notation maintains exphcit the relation between the 
Majorana and Dirac Gamma matrices. 

Definition 2.1. M(m,n, F) is the set oi m x n matrices whose entries are elements of 
the field F. 

Definition 2.2. The Majorana matrices, i'j^ e M(4,4, C), are 4x4 complex matrices 
with anti-commutator 

+ = -^9'\ ^ = 0, 1, 2, 3 (2.1) 

Where g — diag{l, —1, —1, —1) is the Minkowski metric. The pseudo-scalar is i^^ = 

The product of 2 Dirac Gamma matrices is minus the product of 2 corresponding 
Majorana matrices: ji'j" = — z^'^z^"^. 

Definition 2.3. r_ = {^7°, 27^ 7°7-l z7-'7 V : j = 1,2,3} 
^+ = {l,7V,^7^7V: J = 1,2,3} 

r = r_ u r+ 

From the anti-commutator of the Majorana matrices, the matrices in r± square re- 
spectively to ±1, and all matrices in F either commute or anti-commute with each other. 

Definition 2.4. The sets of matrices that (anti-) commute with a matrix A e F are: 
n±{A) = {B eV ■.AB = ±BA}. 

Proposition 2.5. The sets Q±(A)nF+ anc? Q±(A)nF_ are not empty for all A e F\{1}. 

Corollary. The matrices m F \ {1} have null trace and determinant 1. 

Proof. \i A e F\{1}. Since there is 5 e Vt_{A) n F+, we have tr{A) = tr{BAB) = 
-tr{A). 

Let A e F_. Since A^ = -1, then A = et^ and det{A) = ei*^(^) = 1. 
Let A e F5 \ {1}. Since there is S e fl+{A) n F_, we have (AB) e F_ and so 
det{AB) = 1. Since det{B) = 1, then det{A) = 1. □ 

Proposition 2.6. F is a basis for the space o/4 x 4 complex matrices. 

Proof. There are only 16 linearly independent 4x4 complex matrices. 

Let B = X]!=i '^'t^ij where Oi G C and Ai eT are different elements of the set for each 
i. We have tr{AjB) = 4a j, for j = 1, 16. Then, B — implies that all the scalars 
are null and so all the elements in F are linearly independent. □ 

Proposition 2.7. For all commuting matrices A,Be F\{1}, AB = BA: all matrices in 
r\{l. A, B,AB} anti-commute with A orB. That is, n_{A)un_{B) ^ r\{l. A, B, AB}. 
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Definition 2.8. r2 is the group of 32 Majorana matrices products: 

T2 = {±1, ±^7^ ±7°7^ ±^7'7V, ±7 V, ±^7' : = 0, 1, 2, 3, j = 1, 2, 3} (2.2) 

Definition 2.9. A 4 x 4 representation of the Majorana matrices, Af , is a map from the 
Majorana matrices to the space of 4 x 4 complex matrices, verifying: 

{M{ir), M{ir)} = -2^'^^ f^,iy^O, 1, 2, 3 (2.3) 

Proposition 2.10. Two 4x4 representations of the Majorana matrices are related by a 
similarity transformation, unique up to a complex factor. 

Proof. Given a 4 x 4 representation of the Majorana matrices, M, we extend the domain 
from the Majorana matrices to F, recursively, in such a way that for ki,k2 G if we 
know M{ki) and M{k2), then M{kik2) = M{ki)M{k2). 

Let A and S be 4 x 4 representations of the Majorana matrices. Let a and 6 be 4 
dimensional complex vectors, verifying: 

1 + A(7Y)1 + >1(7V) t 1 (OA^ 
a = a, a'a = 1 (2.4) 



2 2 



(2.5) 



We define the matrix S as: 

^^IY. ^(9-')b a^A{g) (2.6) 



sera 

For all her, it verifies SA(h) = B{h)S: 



^^(^) = ^ E ^(9-')b a^'Aigh) (2.7) 



^^S(/ir^)feaM(0 = S(/i),S (2.8) 



ieT2 

We define the matrix T as: 



T^lH ^'^(9) (2.9) 



sera 



For all /i G F, it verifies T5(/i) = A(/i)T. Consequently, TSA{h) = A{h)TS. 

Since 7^ and ^(7^) obey to the same commutation relations, the set {A{k), /c e F} is 
also a basis for the space of 4 x 4 matrices. Therefore, TS is equal to the identity matrix 
times a coefficient. To check what the coefficient is: 



tr{TS) = ^ E b^B{gl-')b A{lg-^)a (2.10) 
b^B{k-^)b a^A{k)a (2.11) 
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From proposition 12 .Tj we have that d^A{k)a = b^B{k = 0, for all k 7^ ±1, ±7-^7°, ±7^7^, ±27^. 
For the eight remaining k, a'^A{k)a = b''B{k~^)b = ±1. Then, tr{TS) = 4 which implies 
that T = S-\ 

Suppose that for all h & T, S' is invertible and also verifies S'A{h) = B{h)S'. Then 
S'^^SA{h) = A{h)S'~^S and again S'^^S must be proportional to the identity. Let c G C 
be such that S'^^S = c. Multiplying on the left by S', we get S = cS'. □ 

The Majorana matrices are themselves a 4x4 representation of the Majorana matrices. 
Therefore, choosing a 4x4 representation of the Majorana matrices is the same as choosing 
a basis. 

Proposition 2.11. Two 4x4 unitary representations of the Majorana matrices are 
related by an unitary similarity transformation, unique up to a phase. 

Proof. Let A and B be unitary representations of the Majorana matrices. Then there 
is an invertible matrix S, unique up to a complex scalar, such that A{'y'^)S = SB{'y'^). 
Multiplying on the left by A'^ and on the right by 5^ and making the hermitian conjugate 
of the equation, we get B{'y^)S'^ = S^A{'y'^). 

So, for some complex c, = cS^^. Applying the determinant, we get c = |(iet(S')p 
is real and positive. So, (c"2 5')^(c^2 5) = 1. 



Let both 5* and S' = cS, for some complex c, be unitary. Then, (cSY^cS) 
so c = e*^ for some real 6. 



1, 
□ 



In the Majorana bases, the Majorana matrices are 4x4 real orthogonal matrices. An 
example of the Majorana matrices in a particular Majorana basis is: 
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0+100 
+1000 
000-1 
00-10 



(2.12) 



Proposition 2.12. Two Ax A real representations of the Majorana matrices are related 
by a real similarity transformation, unique up to a real factor. 

Proof. Let A and B be real representations of the Majorana matrices. Then there is 
an invertible matrix S, unique up to a complex factor, such that A{'y'^)S = SB^'j'^). 
Conjugating the equation, we get that, for some complex c, S* = cS. Applying the 
module of the determinant, we get c = e*^ for some real 6 and (e^^S)* = {e'^^S). □ 

Definition 2.13. The Dirac spinor is a 4 x 1 complex column matrix, M(4, 1, C). 

The space of Dirac spinors is a 4 dimensional complex vector space. 

Definition 2.14. Let S be an invertible matrix such that Si'~f^S~^ is real, for /i = 
0,1,2,3. 

The set of Majorana spinors, Pinor, is the set of Dirac spinors verifying the Majorana 
condition: 



Pinor = {ue M(4, 1, C) : S-^S*u* = u} 
Where * denotes complex conjugation. 



(2.13) 
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Remark 2.15. Let W be a subset of a vector space V over C. W is a real vector space 
W; 

2) Ifu,ve W, then u + v eW; 

3) IfueW and ceR, then cu G W . 

From the previous remark, the set of Majorana spinors is a 4 dimensional real vector 
space. Note that the linear combinations of Majorana spinors with complex scalars do 
not verify the Majorana condition. The Majorana spinor, in the Majorana bases, is a 
4x1 real column matrix. 

Definition 2.16. End{Pinor) is the set of endomorphisms of Majorana spinors, that is, 
the set of linear maps from and to Majorana spinors. 

End{Pinor) is a 16 dimensional real vector space, generated by the linear combi- 
nations with real scalars of the 16 matrices in the basis F. In the Majorana bases, 
End{Pinor) = M(4, 1, M). 

3 Majorana representation of the Lorentz group 

3.1 Double cover of the Lorentz group 

We define some symbols for the sets we will use: 

Definition 3.1. GL{n,¥) is the group of n x n invertible matrices over the field F. 
SL{n, F) is the group of n x n invertible matrices over the field F with determinant 1. 
0{n) is the group of n x n real orthogonal matrices. 
SO{n) is the group of n x n real orthogonal matrices with determinant 1. 
SPD{n) is the set of n x n real symmetric positive definite matrices. 

Definition 3.2. The set of Lorentz matrices, 0(1,3) = {A G M(4,4,]R) : A^gA = g}, is 
the set of real matrices that leave the metric, g = diag{l, —1,-1,-1), invariant. 

Definition 3.3. In a basis where the Majorana matrices are unitary, the set Maj is 
defined as: 



Maj = {M G End{Pinor) : {i-f^)M{-i-f^) = -M, (z7°)M(-z7°) = -M^} (3.1) 



The only matrices in F that are also in Maj are the Majorana matrices, Z7^, therefore 
Maj is the 4 dimensional real space of the linear combinations with real coefficients of 
Majorana matrices. 

Definition 3.4. Pm(3, 1) [7] is the set of endomorphisms of Majorana spinors which 
leave the space Maj invariant, that is: 



Pm(3, 1) = { 5 G End{Pinor) : det{S) = 1, S'\ij^)S G Maj, /i = 0, 1, 2, 3 ^ (3.2) 
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Proposition 3.5. The map A : Pm(3, 1) — ?■ 0(1,3) defined by: 

{A{S)r,zY^S-\zY)S (3.3) 

is two-to-one and surjective. 

Proof. 1) Let S G Pin{3, 1). Since the Majorana matrices are a basis of the real vector 
space Maj, there is an unique real matrix A{S) such that: 

{A{S)r,tY = S-\zr)S (3.4) 

Therefore, A is a map with domain Pin{3, 1). Now we can check that A{S) G 0(1, 3): 

imK9''^Hs)r, = -l{Hs)rA^r,^Y}{mr, = (3.5) 

= -^-S{zY, ^Y}S-' = Sg^^S-' = g^'' (3.6) 

We have proved that A is a map from Pin{3, 1) to 0(1, 3). 

2) Since any A G 0(1,3) conserve the metric, the matrices M{i'~f^) = X'^^i'j'^ are a 
representation of the Majorana matrices: 

{M{zY), M{zY)} = -2X^a9''^X''^ = -2{XgX^r = -^g"" (3.7) 

In a basis where the Majorana matrices are real, from 12. 12] there is a real invertible matrix 
^A, unique up to a real factor, such that A^j,i7^ = S^^{i'j^)Sx. Setting det{S) = 1 we fix 
the real factor up to a signal ±1. Therefore, ±Sx G Pm(3, 1) and we proved that the 
map A : Pm(3, 1) — ?■ 0(1, 3) is two-to-one and surjective. □ 

Lemma 3.6. Pm(3, 1) = Pm'(3, 1), where Pm'(3, 1) is, in a basis where the Majorana 
matrices are unitary: 

Pin {3, 1) = G End{Pinor) ■.{i-f^)S = aS{i-f^), (3.8) 

{^J')S = bS-'\^J'), (3.9) 
det{S) = 1; a,be {-1,1}} (3.10) 

Proof. 1) For all S G Pm'(3, 1), ^"^^7'')^ e Maj and so Pm'(3, 1) C Pm(3, 1). 

2) In a basis where the Majorana matrices are unitary, for all S G Pm(3, 1), since 
S^^{i-y^)S G Maj, we have: 

{ij^)s-\iY)S{-i-f^) = -s{iY)s = s-\i-f^){iY){-h^)s (3.11) 

(^7°)5-^(z7^)5(-27°) = -S^iY^S-^^ = S\t^^){iY){-^l'')S-^^ (3.12) 
On the other hand: 

{^^')S~\^Y)S{-^l') = {-A{S)rMY) (3.13) 

{^J')S'\^Y')S{-^J'>) = iA{S)grMin (3.14) 

We can easily check that (— A), (A^f) G 0(1,3). From proposition 13. 5[ we get that the 
matrices in Pm(3, 1) corresponding to {—A),{Ag) G 0(1,3) are unique up to a sign. 
Therefore, Pm(3, 1) C Pm'(3, 1). □ 
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Definition 3.7. In a basis where the Majorana matrices are unitary, the subset Spin'^{3, 1) C 
Pin{3, 1) is: 

Spin+{3, 1) = e End{Pinor) ■.{i'y^)S = S{i-f^), (3.15) 

{t7')S = S-'\t^'), (3.16) 
det{S) = l} (3.17) 

Proposition 3.8. 1) Pm(3, 1) and Spin'^{3,l) are groups. 

2) In a basis where the Majorana matrices are unitary, if S & Pin{3, 1) (Spin'^{3, 1) ) 
then e Pm(3, 1) (Spin+{3, 1) ). 

Proof. Pm(3, 1) and Spin^{3, 1) are subsets of the group S'L(4,C). They include the 
identity matrix, 1 G Pin{3, 1), Spin^{3, 1). 

Let S± G Pin{3, 1). Then, in a basis where the Majorana matrices are unitary, for 
some a±, b± G {—1, 1}: 

{t^^)Si = a±5±(27'), (^7°)5± = b^S^'\ij'>) (3.18) 

Making the inverse (hcrmitian conjugate) of the equation on the left and the hermitian 
conjugate (inverse) of the equation on the right we get: 

-Sz\t^') = -a^{t^')Si\ -4(^7°) = -b±itl')Sz' (3.19) 
-4(^7') = -a±{^^')Si, -5£^(i/) = -^'±(^/)4 (3.20) 
Therefore, Sl G Pm(3, 1) and the product S+SZ^ G Pm(3, 1): 

{i-f^)S+SZ^ = {a+a-)S+Sz\ii^) (3.21) 
(i7°)5+5l^ = (6+6_)^;'^^l(^7°) (3.22) 

In the particular case S± G S'pm"'"(3, 1), we have a±, b± — 1. Then S"]. G S'pm+(3, 1) 
and the product S'+SZ^ G Spin^{3, 1). □ 

Definition 3.9. The discrete pin subgroup A C Pin{3, 1) is: 

A = {±1, ±i7°, ±7V, ±«7^} (3.23) 

Lemma 3.10. For all S G Pin{3. 1), there are only two factors ±d G A and correspond- 
ingly only two ±5" G Spin'^{3, 1), such that S — {±d){±S'). 

Proof. Let S G Pin{3, 1) and a, 6 G {—1, 1} be such that, in a basis where the Majorana 
matrices are unitary: 

(i75)5 = a5(i7'), (i7°)5 = 6-5-^^(^7°) (3.24) 
There are always only two factors ±d G A, such that d'^S G 5'pm+(3, 1): 



a = b = 


l,d = ±l 


(3.25) 


a — —b — 


l,d^±{t^') 


(3.26) 


—a — b — 


1, d=±(^7°) 


(3.27) 


a — —b — 


1, d = ±(7V) 


(3.28) 



□ 
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Remark 3.11. 1) Every real invertible matrix can be uniquely factored as the product of 
an orthogonal matrix and a symmetric positive definite matrix. 

2) For all real symmetric positive definite matrix 11, there is an unique symmetric 
matrix B such that U = . 

3) For all real orthogonal matrix with determinant 1, Q, there is a skew- symmetric 
matrix A such that Q = . 

Lemma 3.12. 5'pm+(3, 1) = Spin'^{3, 1), where: 

Spin'^{3, 1) = {e^'^^'^'-i' e^^'-i' Qi ^ \p G M, j = 1, 2, 3} (3.29) 
Note that there is a sum in the index j . 

Proof. In a Majorana basis, since S is invertible and real, from point 1) in remark I3.11[ 
there is an unique 9 G 0(4) and unique 11 G SPDi^A) such that S = 911. 

From point 2) in remark [3. 11[ there is an unique symmetric B such that 11 = e^. 

Since 5*, G S'pm+(3, 1), also S'^S = e^^ G Spiri^i?), 1) and we have: 

(z^5)g2B ^ e2^(^7'), (^7°)e'^ = 6-2^(^7°) (3.30) 

From the uniqueness of B we get {i'~f^)B = B{i'~f^) and {i'y^)B = —B{i'~f^). In a Majorana 
basis, the only symmetric matrices in F satisfying the previous equations are 'j^'j^ , j = 
1,2,3. Therefore, there are unique G M, j = 1,2,3, such that 11 = e''^'^ "'\ Since 7°7-' 
is traceless, detijl) = 1 and 11 G SpiW^lS, 1). 

Since det{S) = det(Il) = 1, also det{Q) = 1. We can write: 

(z75)eeB = 9e^(27^), (z7°)9e^ = 9e-^(27°) (3.31) 

Multiplying the equations by e^^ on the right, also 9 G Spin^{3, 1): 

(i75)9 = 9(i7^), (i7°)9 = 9(i7°) (3.32) 

From point 3) in remark I3.11[ there is a skew-symmetric A such that 9 = e^. In 
a Majorana basis, the only skew-symmetric matrices in F are in the commuting sets 
{z7°, 7°7^, Z7^} and {ij^'-f^'-f^ : j = 1,2,3}. Therefore, there are 6\a^ G M, j = 1,2,3, 
such that C = a^i'j^ + a^7°7^ + a^i'j^ and 9 = e'-^e^^^'^^'^°'^\ We can write: 

itj')e''e'''^"'^"^' = e^e^''*^'^"^'(^7^), (tj^ e'''^"^"^' = e^e^^'*^'^"^'' (^7°) (3.33) 
Multiplying the equations by e~^^''>"''^°'''^ on the right we get: 

(^75)gC ^ gC^^^S)^ (z70)e^ = e^(z7°) (3.34) 



The last equations imply that ea^n°+aS°7^+a^n^ = ^-a^i^^+a'^-r'^-y^-a'^i^^ ^^^^^ (27-^)6'" = 
(^7"')) j = 1)2,3. Then, e'" commutes with all matrices in F and so it must be 
proportional to the identity. From det{e^) = 1 we get that e*" = ±1. 

If e*" = —1, the signal can be absorbed. We define \9\ = yWO^ . If \6\ is null, then 
= e-7^°7^; if not, then 9 = e(^+w)^^^^'^°^\ 

Checking that e^'ii^i^i^e^'-i^i' e ^pm+(3, 1) for all 6^ ,V g M, j = 1,2,3, we have 
completed the prove. □ 
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Proposition 3.13. 0(1,3) is a group, the Lorentz group, and the map A : Pm(3, 1) — > 
0(1,3), defined in proposition \3.5\ is a group homomorphism. 

Proof. The matrix product is associative and A(l) = 1 G 0(1,3). 
For all 5*, S' G Pm(3, 1), we have: 

{A{SS'))''^i-f^ = S'-^S{iY)SS' = {A{S)Y^S'-H-f''S' (3.35) 
= (A(5))^'JA(50)>7^ (3.36) 

This implies that A-\S) = A{S-^) G 0(1,3) and A(5)A(^') = A{SS') G 0(1,3). Since 
the map A is surjective, then 0(1, 3) is a group and the map A is a group homomorphism. 

□ 

Definition 3.14. The proper orthochronous Lorentz group 5'0"*"(1,3) is: 

50+(l, 3) = {A{S) : S G Spin+{1, 3)} (3.37) 
Where A is the map defined in proposition 13.51 

Since there is a two-to-one surjective group homomorphism, Pm(3, 1) is a double 
cover of 0(1, 3) and Spin^{3, 1) is a double cover of 5'0"'"(1, 3). 

In a Majorana basis, by identifying i with and 'j^'y^ with the Pauli matrices a\ 
we can see that Spin^{3, 1) is isomorphic to SL{2, C). 

3.2 Majorana Spinor representation 

Definition 3.15. A representation (Mg, V) of a group G is defined by: 

1) the representation space V , which is a vector space; 

2) the representation map M : G ^ GL{V) from the group elements to the automor- 
phisms of the representation space, verifying for Ai, A2 G G: 

M(Ai)M(A2) = M(AiA2) (3.38) 

Definition 3.16. The Majorana spinor representation of Pm(3, 1) is defined by: 

1) the representation space V = Pinor is the space of Majorana spinors; 

2) In a basis where the Majorana matrices are unitary, the representation map is: 

M{S) = S, S e Pm(3, 1) (3.39) 

The Majorana spinor representation of the subgroup Spin^{3, 1) C Pm(3, 1) is ob- 
tained from the representation of Pm(3, 1) by restricting the domain of the representation 
map to the subgroup Spin'^{3, 1) C Pm(3, 1). 

Definition 3.17. Let be a subspace of V. {Mq, W) is a subrepresentation of {Mq, V) 
if W is invariant under the group action, that is, for all w G W: {M{g)w) G W, for all 
geG. 

Definition 3.18. W'^ is the orthogonal complement of the subspace W of the vector 
space V if: 

1) all t> G can be expressed as v = w + x, where w E W and x G W^; 

2) if w eW and x G W^, then x^w = 0. 
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Definition 3.19. The representation {Mg,V) is semi-simple if for all subrepresentation 
{Mg,W) of {Mg,V) , {Mg,W^) is also a subrepresentation of {Mg,V), where W-^ is 
the orthogonal complement of the subspace W. 

Lemma 3.20. Consider a representation {Mg, V) of a group G. For all g E G, if there 
is h E G such that M{h) = M\g), then the representation {Mg-, V) is semi-simple. 

Proof. Let {Mg,W) be a subrepresentation of {Mg,V). W-^ is the orthogonal comple- 
ment of W . 

For all X e W^, w eW and g e G, {M{g)xyw = x^M^{g)w). 

Since W is invariant and there is h E G, such that M{h) = M'^lg), then w' = 
{M^g)w) e W. 

Since x G W-^ and w' G W, then x'^w' = 0. 

This implies that if x is in the orthogonal complement of W {x E W-^), also M{g)x 
is in the orthogonal complement of W {M{g)x G VT"*"), for all g & G. □ 

Proposition 3.21. The Majorana spinor representation of Spin^ (3,1) is semi-simple. 

Proof. From point 1) in lemma 13.121 and lemma 13 .201 □ 

Definition 3.22. A representation {Mg, V) is irreducible if their only sub-representations 
are the trivial sub-representations: (Mg, V) and {Mg, {0}), where {0} is the null space. 

Lemma 3.23. Consider a semi-simple representation {Mg, V) of a group G. If the set of 
hermitian automorphisms of V that square to 1 and commute with M{g), for all g E G, 
is {-|-1,— 1}, then the representation {Mg,V) is irreducible (1 is the identity matrix). 

Proof. Let {Mg,W) and {Mg,W^) be sub-representations of {Mg,V), where W-'-, the 
orthogonal complement of W. 

There is an automorphism P : V ^ V, such that, for w,w' G W, x,x' G W-^, 
P{w -\- x) = {w — x). P^ = 1 and P is hermitian: 

{w' + x'y{P{w + x)) = w'^w - x'^x = {P{w' + x')y{w + x) (3.40) 

Let w' = M{g)w G W and x' = M{g)x G W^: 

M{A)P{w + x) = M{A){w -x) = {w' - x') (3.41) 
PM{A){w + x) = P{w' + x') = {w' - x') (3.42) 

Which implies that P commutes with M{g) for all (7 G G. 
If P = +1, then W = V: 

+ {w x) = P{w -^x) = {w-x) =^ X = (3.43) 

If P = — 1, then W is the null space: 

-{w + x) = P{w + x) = {w - x) =^ w = (3.44) 

□ 

Proposition 3.24. The Majorana spinor representation of Spin'^{3, 1) is irreducible. 
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Proof. The hermitian linear transformations from and to Majorana spinors, are generated 
by the hnear combinations with real coefficients of the 10 matrices in the basis Ts = 
{1, ■y^'j^ , i'j^ where j = 1, 2, 3. 

The only matrix in commuting with all S G Spin~^ {3,1) is the identity matrix. 
Therefore, the set of hermitian automorphisms of the Majorana spinors that square to 
1 and commute with all S G Spin^{3,l), is {+1,-1}. Applying proposition 13.211 and 
lemma 13.231 the proposition is proved. □ 

The Majorana spinor representation of the group Pm+(3, 1) is also irreducible because 
it is already irreducible for the subgroup Spin~^{3, 1) C Pm+(3, 1). 



4 Majorana spinor solutions of the free Dirac equa- 
tion 

Definition 4.1. L^(R"^) is the Hilbert space of real functions of n real variables whose 
square is Lebesgue integrable in R". The internal product is: 

<f,g>^ J <rxf{x)g{x), f,g G ^^(R") (4.1) 

Remark 4.2. /// G L^{W'), then fsjc e L^{W): 

f,{p) = J (Tx cos{p-x)f{x) (4.2) 

f,{p)= I d'^x sm{p-x)f{x) (4.3) 



The Dirac delta 5" is a well defined operator of the Hilbert space L 



nx)^ I ^n^<P-^) (4-4) 
/(O) = f d-x (5"(x)/(x) (4.5) 



The domain of integration is R"". 

Remark 4.3. The derivative di, i = I, ...,n, is a skew- symmetric operator of the Hilbert 
space L^{W): 

' d-xidaix))g{x) = - j d-xfixMgix)), f,g G ^^(R") (4.6) 
The free Dirac equation is: 

{i^d^ -m)^{x) = (4.7) 

We are looking for solutions where "^{x) G Pinor ® L^(R^) is a Majorana spinor, whose 
entries are square integrable functions of the space-time. 
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If we change x'' {A{S)Y^x'' and 'S'*(x), where 5" e Pm(3, 1), and we 

multiply the equation on the left by ^S""^ we get: 



S-\irgAHS)ra9''% - m)S-^{x) = (4.8) 

= ii^\A{S)r,g,.{AiS))\g-% - m)*(x) = (4.9) 

= {i-f^ds - m)^^(a;) = (4.10) 

The equation stays invariant. 

If we multiply by —ij^ on the left, the equation can be rewritten as: 

{do + iH{x))^{x)^0 (4.11) 

iH(x) = -f^-f^dj - i-Pm, j = 1, 2, 3 (4.12) 



The solution is: 

*(x) = e-'^(^^)^V(f) (4.13) 



Where ^jj{x) e Pinor ® L^(M^) is a Majorana spinor, whose entries are square integrable 
functions of the space coordinates. 

Now we can write tpix) — M{x)x, where M{x) G End{Pinor) 0L^(M^) is a Majorana 
spinor endomorphism, whose entries are square integrable functions of the space and 
X e Pinor is a Majorana spinor. Suppose that for some E M verifies the equation: 

iH{x)M{x) = M{x)i-i^E (4.14) 

In the next two sections we will see that these matrices satisfying the above equation 
have interesting properties. Now we have: 

*(x) = M(f)e-*^°^^°x (4.15) 

Before moving to the next section, we will fix notation. If p, q are Lorentz vectors, we 
define |i = l^Pjj, and p ■ q — p'^q^- Given a mass m > 0, we define: 

fP=pi, J = 1,2,3 (4.16) 

f = l-p (4.17) 

Ep = ^fP" + m2 (4.18) 

|^ = 7y-f.p' (4.19) 

5 Linear Momentum of Majorana spinors 

Definition 5.1. L^R") is the Hilbert space Pinor ® L^(IR."), that is, Majorana spinors 
whose entries are square integrable functions of R". The internal product is: 



< 



y (i^x *t(x)$(x), e L^(R") (5.1) 
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Definition 5.2. The Fourier-Majorana Transform ip{p) of a Majorana spinor G 
L4(]R'^) is the Majorana spinor: 

^{p) = j £x 0{p,x)'^{x) (5.2) 

0(p, X) ^ e-^- Jl^ (5.3) 



Where m > = Ep = \/p^ ^ vrfi. 

Proposition 5.3. The Fourier-Majorana Transform ip{p) of a Majorana spinor \I/(x) G 
Ll(M.^) is also in the Hilhert space L\ 



Proof. In the Majorana bases, 0{p,x) and \l/(x) are real and so is ipip)- 
We have: 

fy° + m E„ + m 



/Ep + m,/2E~p"-" - 2E. 



<^rT^<l, 2,J = 1,2,3,4 (5.4) 



P 



4 

IMp)]'^ - 5^1 / cos(p- f)*j(f)|^ + I / rf^f sin(p- f)^j(f)|^ (5.5) 
j=i J J 

From remark we have that both j d^x cos(p ■ x)'^ j{x) and j d^x sin(p ■ x)'^ j{x) are 
square integrable and therefore \ipi{p)\'^ is square integrable. □ 

Proposition 5.4. The inverse Fourier-Majorana transform of iplp) is: 

*(^) = I ^,0\p,x)m (5.6) 

0\P,S) = JL- _ e-^ (5.7) 
y/Ep + m^2Ep 

i/ie hermitian conjugate of O. 
Proof. The matrix 0^(p, x) verifies: 

0\p,x) = ^0\p,xh^ (5.8) 
m 

i7°(i| - m)0\p, x) = --f°pO\p, x)i-f^ - i^fO\p, x)i-i^ (5.9) 

= -0\p,x)i^^Ep (5.10) 

From remark the operator i'~^^{i$ — m) is skew-hermitian and so: 



d^xO{p,x)i-i^{i$ - m)0\q,x)j = - j d^xO{q,x)i-i^{i$ - m)0\p,x) (5.11) 
Which implies: 

j d^xij°EgO{q,x)0\p,x) = j d^xO{q,x)0^{p,x)i-f'^Ep (5.12) 
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Noting that Ep + Eg > 0, this imphes that: 

/■ „ .0-- h'^(E„ + m) + tr^(E„ + m) . o-- . . 

/ H^^P-'^^I-'^ ^ ' ^ ^ ' ^/ ^ " , ^ -p^i°p-^ = 5.13 

J ^Eg + m,/2Wg^Ep + m,/2E; 

Therefore, we get: 

7 ^Eg + m^/Wg^Ep + 771^2^ 

^ ^ {Ep + m)2Ep 

^ ^ ^ ' {Ep + m)2Ep 

The other way around: 

7 (27r)3 Ep 
^cos(p-(y-f))+ 



5.14) 

5.15) 

5.16) 

5.17) 
5.18) 

5.19) 

5.20) 
5.21) 

;5.22) 
5.23) 



Note that both cos(p • (y — x))^ and sin(p • (y — x))^^^ are odd in p and therefore do 
not contribute to the integral. □ 

6 Angular momentum of Majorana spinors 
6.1 Majorana Spin 

Definition 6.1. The Majorana spin operators are defined as: 

V^^tV, ^ = 1,2,3 (6.1) 
They verify the angular momentum algebra: 

^-a\ \a^\ ^i^\^^^\a^ (6.2) 
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Where e^^'' is the Levi-Civita symbol. Note that ^7° commutes with a'^ and squares to 
— 1, so it plays the role of the imaginary unit in the angular momentum algebra. 
The eigenstates of |cr^ are the Majorana spinors ip verifying: 

= ^± (6.3) 

The eigenvalues are |(7^'0± = ±|'0±. 

6.2 Majorana orbital angular momentum 

Definition 6.2. A set S of elements of an Hilbert space H with internal product <, >, 
is an orthonormal basis if: 

1) For all a E S: < a,a >= 1; 

2) (orthogonality) For all a,b E S, with a ^ b: < a,b >= 0; 

3) (completeness) For all f,gEH, < g, f >= ^^^5 < 9,(1 >< a-: f >■ 

Definition 6.3. Let x e M.^. The spherical coordinates parametrization is: 

X — r(sin(^) sm((p)e{ + sm(9) sin((/?)el + cos(^)e3) (6.4) 
where {ci, 62, 63} is an orthonormal basis of and r e [0, +oo[ 6* e [0, tt], (/? e [— tt, tt]. 

Definition 6.4. L^{S^) is the Hilbert space of real functions with domain = {x & 
: \x\ = 1}, whose square is Lebesgue integrable in S"^. The internal product is: 

<f,g>^ J dicose)d^fie,^)gi9,^), f,g G L^S^) (6.5) 

Definition 6.5. LKS"^) is the Hilbert space of Majorana spinors whose 4 real components 
in the Majorana bases are in L'^{S^). The internal product is: 

J d{cose)d^ ^\e,^)<^>{e,^), e lI{s^) (6.6) 

Definition 6.6. The Majorana angular momentum operators are: 

Lk= ^ = 1,2,3 (6.7) 

i,j=l,2,3 

Where €ijk is the Levi-Civita symbol. 

The operators verify the angular momentum algebra: 

[Li, Lj] ^i'f^eijkLk (6.8) 

In spherical coordinates: 

^7°^3 = (6.9) 
{Lf = -sin(^)a,(sin(^)a(^)) - — J^aJ (6.10) 
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Definition 6.7. The cosine spherical harmonics Y^^, sine spherical harmonics Y";^ and 
associated Legendre functions of the first kind Pim are: 



YLi0,f) ^ J^|y^Pr(cos^)cos(my,) (6.11) 



YL{e,if) ^ J ^ J^- Pr {cos 6) Mm^) (6.12) 

pno - - er^'^ie - ly (6.13) 

where 9 E [0,n], ip E [— tt, tt], ^ G [—1, 1] and /, m are integer numbers / > 0, — / < m < /. 
The spherical harmonics verify |12j : 

d^Y,^je,^) = -mYi:,i9,^) (6.14) 
d^Y,l{e,v) = mYi':^{e,^) (6.15) 

-(^sm{e)de[sm{e)de) + -^^^yL = + ^ = c, s (6.16) 

Remark 6.8. The spherical harmonics verify: 

<Y^f^„Y^^^> = (6.17) 

(6.18) 



For all f,ge L\S^' 



<9J>= Yl <g,Yr^><Yr^,f> (6.19) 

a=c,s, l>0, —l<m<l 



Definition 6.9. The Major ana spherical harmonics Yi^ are: 

YUO. ^ YCJeM+^rTY^ie, ^) (6.20) 

2/ + l(/-m)! ,^0^^ (6.21) 

47r (/ + m)! ' ^ ^ ^ ' 

The Majorana spherical harmonics are similar to the standard Laplace spherical har- 
monics definition, with in place of i. The properties are also similar. 
They verify: 

(L3-m)F,„(x) = (6.22) 
(^2 - /(/ + l))Yi^{x) = (6.23) 

Proposition 6.10. The columns of the Majorana spherical harmonics matrices form an 
orthonormal basis of the Hilbert space LKS"^). 
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Proof. We apply the remark 16.81 to directly obtain: 

dicose)dipYi]^,{e,ip)YU0,^) = Sin6m'm (6.24) 



For all G Ll{S^^ 



<$,^>= <^,ytmi^im> (6.25) 

/>0, -~l<m<l 

= j d{cos 9)dipY^l{9, ip)<f{9, if) (6.26) 



6.3 Majorana total angular momentum space 

The operator a ■ L is: 



In spherical coordinates: 



□ 



a-L = -i^^e'la^Xidj (6.27) 
= -^^x.S, (6.28) 

= ^ ^ ^ x,d,, t,j = 1,2,3 (6.29) 



= iY(dr--a ■ L) (6.30) 
r 

a-L = YYde + 7^-^-9^ (6-31) 

6 and ip are the angles of x in spherical coordinates, r is the radius. 
It verifies: 

a-L = {L + \af-L'-\ (6.32) 

The term L + ^ct is the sum of two angular momentum operators of integer and one-half 
spin. 

Remark 6.11. Let L he an integer spin angular momentum operator, with orthonor- 
mal eigenstates |/,m >. Let |ct he a spin one-half angular momentum operator, with 
orthonormal eigenstates ||, s >, where s = ±|. Then, the orthonormal eigenstates of the 
operator L + ^a, are given hy JTl 



Ij,/., (j + 1/2) >= - \r-jf^\j + 1/2,/. - 1/2 > 1^, +^ > (6.33) 
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(j - 1/2) >= + y - 1/2, /i - 1/2 > 1^, +^ > (6-35) 

+ - V2, /X + 1/2 > |i > (6.36) 
Where j = |, |, ••• anc? —j<fi<j- They satisfy: 

(L3 + y ) I J, /i, (j ± 1/2) > = /i| J, /i, (j ± 1/2) > (6.37) 

(L + |)2|j,;x, (j ± 1/2) > = j{j + [j ± 1/2) > (6.38) 

a ■ L\j, fi, (j ± 1/2) > = -(±(j + 1/2) + 2) \j, /i, (j ± 1/2) > (6.39) 

a'- |j, /i, (j + 1/2) > = (j - 1/2) > (6.40) 

Definition 6.12. The Majorana spherical matrices are: 

^UO, + y^^^W(^> ^ (6.41) 

with the integers Z > 1 and ~l < fi < I. Yi^ the Majorana spherical harmonics. 

Proposition 6.13. The columns of the Majorana spherical harmonics matrices form a 
complete orthonormal basis of the Hilbert space Ll{S'^). 

Proof. Using remark [6.111 after some calculations, we get: 

j rf(cos 9)dipnl^, (9, ifi)ni^{e, ^) = 5vi5^.^ (6.43) 

I d{cose)d^ ^\e,^)ni^{e,^)tiJi^ = j d{cose)d^ ^\e,^)m{e,^) (6.44) 

For all $ e Ll{S^). □ 
Using remark 16. IH the Majorana spherical matrices verify: 

{L' + y ) n,, = (/X + (6.45) 

a ■ L Qi^ = -Qi^ila^ + 1) (6.46) 

a' Qi^ = -Qiy (6.47) 

zY^i^ = (-l)^f]/,_,.-iZ7' (6.48) 

a ■ LiY ^i^ = tY^Ulcr' - 1) (6.49) 
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6.4 Radial Momentum Space 

Remcirk 6.14. The spherical Bessel functions of the first kind, ji : M+ R with the 
integer I > 0, verify: 

+ -dr - ^-^^)ji{pr) = -p'jiipr) (6.50) 



r 



dr r ji{pr)ji{pr) = — (6.51) 

zp 

dp 2p' . ^ S{r - r') 
/ Ji{pr)3i{pr)^ 5 (6.52) 

Where the Dirac delta 5 is such that for all f & L'^ (R) : 

/(O) = jdx d{x)f{x) (6.53) 

Definition 6.15. The Hankel-Majorana Transform iplp, I, /x) of a Majorana spinor ^'(x) G 
L4(]R^) is the Majorana spinor: 

ijj{p,l,li) = J drd{cos9)d(pr'^A\p,l,ii,r,9,ip)'i/{r,9,(p) (6.54) 

A(p, /X, r, ^, (^) = (pjiipr) + (Ep - m)ji-i{pr)iY^ni^{9, ^) ^^^ (6.55) 

+ (pji-i{pr) - {Ep - m)ji{pr)iY^^U9, cp) '^ ^ (6.56) 

Where A are the Hankel-Majorana matrices, m,p > 0, E^— ^Jp"^ + and the integers 
i > 1,-i < // < Z. 

Proposition 6.16. Le^ ip(p,l,ii) be the Hankel-Majorana Transform of a Majorana 
spinor ^ e L4(]R^). The inverse Hankel-Majorana Transform of ip(j),l, /i) is: 

*'(r,^,(^)^ J2 r^^^^^^A{p,l,t,,r,9,^)^{p,l,t,) (6.57) 

-2 



verifies, for all ^ & Lj^{ 
d{cos9)d^ dr ^^{r,9,^)^'{r,9,^) = I d{cos9)dip dr r^^^r,9,ip)^{r,9,^) (6.58) 



Proof. The following equation is verified: 

i7°(0 - m)A(p, /, n) = EpAip, I, n)i-f° (6.59) 

— * 

Since the operator iY{i$ — m) is skew-Hermitic the equation above implies that: 

i'-i^Ep,! = Ii-f°Ep (6.60) 

1 = J d{cos9)dcp dr r^ A\p', I', r, 9, ip)A{p, I, r, 9, cp) (6.61) 
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As Ep + Ep> > 0, in the integral / the terms odd in iY are null. Prom the orthogonahty 



of the spherical matrices, we get that the A matrices are orthogonal: 

/ = Si'iSi^/^ J d{cos9)dip dr (6.62) 

(p'ji {p'r)pji (pr) + {Ep, - m)ji-i (p'r) {Ep - m)ji-i{pr) ^ (6.63) 

1 - cr^N 

+ p'ji-i{p'r)pji-i{pr) + {Ep, - m)ji{p'r){Ep - m)ji{pr) — - — j (6.64) 

Ti5{p-p') 7rEpS{p-p') 

= Si'iSu.',, z-^ [Ep - m)2Ep = 5i>i5^>^ — |— (6.65) 

Zp H/p -\- Ul 

To show completeness, using iY^in — (— l)'*^i,-//-i^7^, we first show that: 

/ d{cos6)d(f ^\p,l\ix )lv^{;p,l\iJi\r\6,ip)VLi^,{0,(f) ^ (6.66) 

I'lx' 

1 + (J^ 1 — CT^ 

= i^\pJ:fi)p{ji{pr) — 2 ^Ji-i{pr) — ^ — ) (6.67) 

+ ^t(p,;, _^ _ {Ep - m){-ji{pr)^^^+ji_,{pr)^^^)iY (6.68) 

= J d{cos9')dip'dr'{r'f *^(r', 0', </?') ( (6.69) 

Pji{pr') {pji{pr) + {Ep - m)ji^i{pr)iY)ni^{9', (6-70) 

+ pji-i{pr') (pji-i{pr) - {Ep - m)ji{pr)iY yi,{0\^')^f- (6.71) 
{-lY{Ep - m)ji.i{pr') {pji{pr) + {Ep m)ji^,{pr)iY)^i,-^.-i{e' , <^')^^''7' (6.72) 

- {-lY{Ep - m)ji{pr') {pji-i{pr) - {Ep - m)3i{pr)iY)^i,-^-i{e' , (6.73) 

= J d{cos9')dip'dr'{r'f ^^{r',e',ip')(^ (6.74) 

Pji{pr') [p3i{pr) + {Ep - m)ji^,{pr)iY)ni,{9\ v')^-^ (6.75) 

+ Pji-i{pr') (pji-i{pr) - {Ep - m)ji{pr)iY^nii^{e', (p') ^ ^ (6.76) 

{Ep - m)ji-i{pr') (pji{pr) + {Ep - m)ji-i{pr)iY^VLi^^{e' , ^p') ^ ^ (6.77) 

- {Ep - m)ji{pr') (p3i-i{pr) - {Ep - m)ji{pr)iY)ni,^{e' , v')^-^ (6-78) 

= / d{cos9')dp>'dr'{rr ^\r', 9', <^')f)z,#^ ( (6.79) 

1 + cr^ l-cr^\ 

ji{pr')ji{pr) — h ji-i{pr')ji-i{pr) — - — j (6.80) 
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If we integrate on p and use the completeness of the spherical Bessel functions, we get: 
d{cos9)dip<i/'\r,9,ip)ni^{9,ip)^ [ d{cos9)dip<i/\r,9,ip)ni^{9,ip) (6.81) 



Since the columns of the spherical matrices Qi^ are a complete basis, we have shown the 
completeness of the Hankel-Majorana transform: 

d{cos9)dipdr *'^(r, 9, (^)*(r, 9,ip)^ J d{cos9)dipdr r^*^(r, 9, (^)*(r, 9, (p) (6.82) 

For all $ e LW). □ 



7 Relation between the Dirac and Majorana Mo- 
ment urns 

The Dirac equation for the free fermion can be written as: 

i7°(0 - m)*(a;) = (7.1) 

Where \E' is a spinor. Note that the equation contains only Majorana matrices. The 
Fourier or Hankel Transforms of the equation are: 

(9o + i7%)*(a;°,p) = (7.2) 

The solutions can be written as: 

^ / ^^^±!^e-"-^(p, (7.3) 

Where p° = Ep and ipi^p) is an arbitrary spinor. If ■0(p) is a Majorana spinor, then the 
solution ^(,t) is also a Majorana spinor. 
The solutions can also be written as: 

*(x°, r, 9,^)^ Yl n ^^^±^Aip, I, n, r, 9, ^)e~'^°^-^°^l^{p, I, n) (7.4) 

Where ipip,l, //) is an arbitrary spinor and A are the Hankel-Majorana matrices. 

The set of quantum numbers (p) and (p, I, fj,) are related with the linear and spherical 
momentums of Dirac spinors. The Majorana spin is related with the Dirac spin. For 
instance, to obtain the Dirac spinor solution for the free electron, we just set ipe{p) — 
^-Y~^e{p) and we get: 

= / (W V^;+mV2g/ -—v..® (7.5) 

The matrix 7° was replaced by the identity matrix 1, due to the presence of the projector. 
The same thing happens with the spherical solution and with the spin. 

To obtain the Dirac spinor solution for the free positron, we just set 'il>p{p) — ^-2~'^p{p) 
and the matrix 7° gets replaced by —1. 
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8 Energy-momentum space 

Now we can extend our transforms to define an energy- momentum space. We will use 
the notation: 

[|^]=7%-7-P (8.1) 

Note that ^ is not necessarily on-shell, while [f\ is on-shell, that is — m^. Both Ep 
and \^] do not depend on p°. 

Definition 8.1. Given a Majorana spinor ^ e Ll(W^), the Fourier-Majorana transform 
in space-time is defined as: 

i^{p) = j d^xOip,x)-^{x) (8.2) 

Where 0(p, x) is: 

0(p, X) ^ e-V.°o(p, X) = e-"- Jii^ (8-3) 

^jEp m^j2Ep 

Note that Ep and \f\ = j^Ep — 7 • p don't depend on but p ■ x = p^x^ — p- x does. 
Proposition 8.2. The inverse Fourier-Majorana transform in space-time is given by: 

*(^) = / ^,0\p,x)i;{p) (8.4) 

Where is the hermitian conjugate of O, given by: 

0\p, x) = 0\p, f)e-^°^°-° = Jll±!^e-^°^- (8.5) 

^jEp m^J2Ep 

Proof. 

J (0^^'^^' = / (C^^'^^"' ( / ^e--V(.-.o))o(p, f) (8.6) 

= 5\y-x) (8.8) 



j d^xO{q, x)0\p, x)^ j dx°e'^°«°^" ( y ci'f 0(g; f )0^(p, f )) e-'^°^'°^° (8.9) 

= (27r)353(g-p) y"cixV^°(<?°-f°)^" (8.10) 



(27r)^5^(g-p) (8.11) 

□ 
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Definition 8.3. The Hankel-Majorana transform in space-time of a Majorana spinor 
* e L|(R4) is: 

= y"dxV^°f°^V(a;°,p,/,/x) (8.12) 
Where il){x^ ,p,l, n) is the Hankel-Majorana transform in space of 

Proposition 8.4. Let ilj{p^,p,l, fi) be the Hankel-Majorana Transform in space-time of 
a Majorana spinor ^' e LliM."^). The inverse Hankel-Majorana Transform ofip{p^,p, I, ii) 
is: 

n-',r,e,^)^ E r ^P^Y"^ Pf^A(p,/,/.,r,^,^)e--V-.o^(/,p,/,/.) 

(8.13) 

It verifies, for all $ e L^R^).- 

J dx^d{cos9)dip dr r^ $^(x°, r, 9, (^)*'(x°, r, ^, (^) = (8.14) 

= J dx°d{cos9)dLp dr r^^\x°, r, 9, <^)^(a;°, r, ^, <^) (8.15) 
Proof. The matrices A(p, Z, /x, r, ^, </?)e"*'''°P°'^° are orthogonah 

hip-\- m J hip-\- m 

(8.17) 

To show completeness, we first show that: 

y ^ / d(co.^)d(^dr (8.18) 

V^t(pO,p', r, ;x')e^'^°^°-^"At(p', r, ^, (^)A(p, /, r, ^, (^) = (8.19) 
= V^(p°,p,/,/.)e^^°^°-° (8.20) 

= y" dx"'d{cos9)d^pdr r'*t(x'°, r, ^, (/?)A(p, Z, //, r, ^, (^)e-^'^°f°^'°e^^°^'°-^° (8.21) 
If we integrate on we get: 

(8.22) 

Since the columns of the Hankel matrices A(p, I, /i, r, 9, (p) are a complete basis, we have 
shown the completeness of the Hankel-Majorana transform in space-time: 

J dx^d{cos9)dipdr *'^(x°, r, 9, (/3)$(x°, r, 9, ip) = (8.23) 

= J dx^d{cos9)dipdr r^*^(x°, r, ^)$(x°, r, 9, cp) (8.24) 
For all $ e L|(M^). □ 
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9 Conclusion 



We fulfilled our goal to show that (without second quantization operators) all the 
kinematic properties of a free spin 1/2 particle with mass are present in the real solutions 
of the real free Dirac equation. 

Since we live in a world where the Lorentz symmetries are important, we hope that 
the Majorana transforms can have some applications. I personally think that the study 
of the Majorana spinor properties will be useful in our understanding of the Standard 
Model. In particular, since the Majorana spinors are an irreducible representation of the 
double cover of the proper orthochronous Lorentz group, like the Weyl spinor, as well as 
the full Lorentz group, unlike the Weyl spinor, I think that their study might improve 
our knowledge about the discrete symmetries of the Lorentz group and the interactions 
that violate them. 
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